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We extend the standard second order effective chiral Lagrangian of pions and nucleons by con-
sidering the coupling to an external gravitational field. As an application we calculate one-loop
corrections to the one-nucleon matrix element of the energy-momentum tensor to fourth order in
chiral counting, and next-to-leading order tree-level amplitude of the pion-production in an external
gravitational field. We discuss the relation of the obtained results to experimentally measurable ob-
servables. Our expressions for the chiral corrections to the nucleon gravitational form factors differ
from those in the literature. That might require to revisit the chiral extrapolation of the lattice
data on the nucleon gravitational form factors obtained in the past.
I. INTRODUCTION
Three basic global mechanical properties of the nucleon (mass, spin and the D-term1) can be obtained as a linear
response of the effective action to the change of the space-time metric2. The mass, spin and D-term correspond to the
hadron gravitational form factors (GFFs) at zero momentum transfer [2, 3]. While the mass and spin of the nucleon
are well-studied and well-measured quantities, the third mechanical characteristics (the D-term) is more subtle, as
it is related to the distribution of the internal forces inside the nucleon [4] (for a review see Ref. [5]). The nucleon
gravitational form factors are measurable experimentally in exclusive processes like deeply virtual Compton scattering
(DVCS) [6, 7] and hard exclusive meson production [8].
The first results of measurements of the D-term in hard QCD processes became available in Refs. [9, 10] for the
nucleon, and in Ref. [11] for the pion. Profound studies of all subtleties in the extraction of the D-term from hard
exclusive processes can be found in Ref. [12]. The GFFs have been also studied in lattice QCD, see Refs. [13–17] and
references therein.
The hard exclusive process can be used not only to access the GFFs of the nucleon, but also one can study other
hadronic processes induced by the gravitational interaction. For example, the pion graviproduction off the nucleon
[18–21].
For systematic studies of hadronic processes induced by gravity in the low-energy domain one needs to derive the
Effective Chiral Lagrangian (EChL) for nucleons and pions in curved space-time. The corresponding EChL for pions
has been derived in Ref. [22], and the GFFs of the pion obtained using EChL can be found in Ref. [23]. In the present
work we write down the full EChL of pions and nucleons in curved space-time up to second order. For that we couple
the standard Lagrangian of chiral EFT up to order two [24, 25] to the gravitational field and introduce two additional
terms which depend explicitly on the curvature characteristics of the space-time. Although these additional terms are
zero in flat space-time, they contribute to the energy-momentum tensor (EMT) of pions and nucleons in Minkowski
space-time and hence to GFFs of the nucleon as well as to hadronic processes induced by gravitational interaction.
In this work we apply the derived EChL to:
• manifestly Lorentz-invariant calculations of one-loop contributions to the nucleon gravitational form factors up
to fourth order according to standard power counting rules. To remove the divergences and the power counting
violating contributions from one-loop diagrams we apply the EOMS renormalization scheme of Refs. [26, 27].
We obtain the result which is at variance with the calculations of Ref. [28] done to the same chiral order using
the heavy baryon formalism [29, 30]. The origin of this difference was clarified with the authors of Ref. [28]
- they agreed with our results. Our new expressions for the chiral corrections to nucleon GFFs might require
revisiting the chiral extrapolation of the lattice data on these quantities obtained in the past.
1 The name “D-term” is rather technical, it can be traced back to more or less accidental notations chosen in Ref. [1]. Nowadays, given
more clear physical meaning of this quantity, we might call this term as “Druck-term” derived from german word for pressure.
2 Just recall that in classical physics our intuitive perception of the mass is related to the gravity (weighing experiment), also recall the
classical experiment with the Foucault pendulum to measure the Earth’s rotation.
2• derivation of the large distance asymptotic of the energy, spin, pressure and shear force distributions in the
parametrically wide region of distance 1/Λstrong ≪ r ≪ 1/Mpi.
• calculation of the amplitude of the pion graviproduction to next-to-leading order. The pion graviproduction can
be accessed in hard exclusive processes [18–21] and can be used to get additional information about the new
low-energy constants of the EChL.
Surely, applications of the EChL derived here are not limited to the above physics problems. It can be used for a wide
spectrum of applications, ranging from the physics of hadronic reactions in recently observed violent events, such as
the neutron stars mergers [31], to the fundamental questions of General Relativity (see, e.g., Ref. [32]), and to the
theory of hard exclusive processes and physics of exotic hadro-charmonia [33–35].
Our paper is organized as follows: In section II we obtain the full second order EChL for pions and nucleons in
curved space-time and the corresponding expression for EMT. Next we calculate the nucleon matrix element of the
EMT in section III. The large distance asymptotic of the energy, spin, pressure and shear force distributions is studied
in subsection IIIA. In section IV we discuss the one-pion graviproduction tree-level amplitude at next-to-leading order.
The results of our work are summarized in section V. The appendices contain definitions of loop integrals, explicit
expressions of GFFs in the chiral limit, and the pion graviproduction amplitude.
II. EFFECTIVE ACTION IN CURVED SPACE TIME AND THE ENERGY-MOMENTUM TENSOR
In this section we obtain the full second order EChL for the pions and nucleons in curved space-time and derive
the corresponding expression for the EMT. The EChL for pions and nucleons without including the coupling to
gravitational fields can be found in Refs. [24, 25]. For the purpose of obtaining the EMT corresponding to these effective
Lagrangians, analogously to Ref. [22], we consider their coupling to gravitational fields. The action corresponding to
the leading order effective Lagrangian of pseudoscalar mesons interacting with the gravitational field is given by [22]
Spi =
∫
d4x
√−g
{
F 2
4
gµν Tr(DµU(DνU)
†) +
F 2
4
Tr(χU † + Uχ†)
}
, (1)
where χ = 2B0(s + ip), DµU = ∂µU − irµU + iUlµ and the 2 × 2 unitary matrix U represents the pion field. The
parameter B0 is related to the vacuum condensate and s, p, lµ = vµ − aµ and rµ = vµ + aµ are external sources.
For the action corresponding to the leading- and next-to-leading order effective Lagrangians of nucleons interacting
with pions and the gravitational field we obtain:
SpiN =
∫
d4x
√−g
{
1
2
Ψ¯ ieµaγ
a∇µΨ− 1
2
∇µΨ¯ ieµaγaΨ−mΨ¯Ψ +
gA
2
Ψ¯eµaγ
aγ5uµΨ
+ c1〈χ+〉Ψ¯Ψ− c2
8m2
gµαgνβ〈uµuν〉
(
Ψ¯ {∇α,∇β}Ψ+ {∇α,∇β} Ψ¯Ψ
)
+
c3
2
gµν〈uµuν〉Ψ¯Ψ
+
ic4
4
Ψ¯ eµae
ν
bσ
ab [uµ, uν ] Ψ + c5Ψ¯χˆ+Ψ+
c6
8m
Ψ¯ eµae
ν
bσ
abF+µνΨ+
c7
8m
Ψ¯ eµae
ν
bσ
ab〈F+µν〉Ψ
+
c8
8
RΨ¯Ψ +
ic9
m
Rµν
(
Ψ¯eaµγa∇νΨ−∇νΨ¯eaµγaΨ
)}
, (2)
As usual, the action at this chiral order has been reduced to the above (minimal) form by using field redefinitions. In
Eq. (2) gµν and eµa are the metric (we use the signature (+,−,−,−)) and vielbein gravitational fields, respectively,
uµ = i
[
u†∂µu− u∂µu† − i(u†vµu− uvµu†)
]
,
F+µν = u
†FRµνu+ uFLµνu
† ,
FRµν = ∂µrν − ∂νrµ − i[rµ, rν ] ,
FLµν = ∂µlν − ∂ν lµ − i[lµ, lν ] ,
χ+ = u
†χu† + uχ†u ,
χˆ+ = χ+ − 1
2
〈χ+〉 , (3)
and the covariant derivative acting on the nucleon field has the form
∇µΨ = ∂µΨ+ i
2
ωabµ σabΨ+
(
Γµ − iv(s)µ
)
Ψ,
∇µΨ¯ = ∂µΨ¯− i
2
Ψ¯ σab ω
ab
µ − Ψ¯
(
Γµ − iv(s)µ
)
, (4)
3where v
(s)
µ is an iso-scalar external vector source, σab =
i
2 [γa, γb] and
Γµ =
1
2
[
u†∂µu+ u∂µu
† − i(u†vµu+ uvµu†)
]
,
ωabµ = −gνλeaλ
(
∂µe
b
ν − ebσΓσµν
)
,
Γλαβ =
1
2
gλσ (∂αgβσ + ∂βgασ − ∂σgαβ) ,
Rρσµν = ∂µΓ
ρ
νσ − ∂νΓρµσ + ΓρµλΓλνσ − ΓρνλΓλµσ ,
R = gµνRλµλν . (5)
The vielbein fields satisfy the following relations:
eaµe
b
νηab = gµν , e
µ
ae
ν
bη
ab = gµν ,
eaµe
b
νg
µν = ηab, eµae
ν
bgµν = ηab. (6)
When calculating {∇α,∇β}Ψ and {∇α,∇β} Ψ¯ in Eq. (2) we need to take into account that the purely gravitational
covariant derivative ∇grµ acting on a tensor has the form:
∇grµ Tαβ...ρσ... = ∂µTαβ...ρσ... + ΓαµνT νβ...ρσ... + . . .− ΓνµρTαβ...νσ... − . . . . (7)
The effective action of Eq. (2) contains low-energy constants (LECs), c1−7 corresponding to the constants of the
second order πN effective action introduced in Ref. [25], the values of which are constrained by data on low-energy
physics of pions and nucleons. It also contains two new LECs, c8 and c9.
3 We shall see below that they can be
constrained by GFFs of the nucleon and/or by the pion graviproduction. It is important that these new LECs (like
all others) are universal – the same constants enter various hadronic processes induced by gravity.
Using the definition of the EMT for matter fields interacting with the gravitational metric fields,
Tµν(g, ψ) =
2√−g
δSm
δgµν
, (8)
from the action of Eq. (1) we obtain in flat spacetime
T (pi)µν =
F 2
4
Tr(DµU(DνU)
† +DνU(DµU)
†)− ηµν
{
F 2
4
Tr(DαU(DαU)
†) +
F 2
4
Tr(χU † + Uχ†)
}
, (9)
where ηµν is the Minkowski metric tensor. For the fermion fields interacting with gravitational vielbein fields we
use the definition [37]
Tµν(g, ψ) =
1
2e
[
δS
δeaµ
eaν +
δS
δeaν
eaµ
]
, (10)
where e is the determinant of eaµ. The action of Eq. (2) leads to the following expression for the EMT in flat spacetime:
T (piN)µν =
i
4
(
Ψ¯ γµDνΨ+ Ψ¯ γνDµΨ−DµΨ¯ γνΨ−DνΨ¯ γµΨ
)
+
gA
4
(
Ψ¯ γµγ5uνΨ+ Ψ¯ γνγ5uµΨ
)
− c2
8m2
[〈uµuβ〉 (Ψ¯ {Dν , Dβ}Ψ+ {Dν , Dβ} Ψ¯Ψ)+ 〈uαuµ〉 (Ψ¯ {Dα, Dν}Ψ+ {Dα, Dν} Ψ¯Ψ)
+ 〈uνuβ〉
(
Ψ¯ {Dµ, Dβ}Ψ+ {Dµ, Dβ} Ψ¯Ψ
)
+ 〈uαuν〉
(
Ψ¯ {Dα, Dµ}Ψ+ {Dα, Dµ} Ψ¯Ψ
)]
+
ic2
16m2
∂ρ
{〈uαuβ〉 [DαΨ¯ (ηβνσρµ + ηβµσρν)Ψ +DβΨ¯ (ηανσρµ + ηαµσρν)Ψ]
− 〈uαuβ〉 [Ψ¯ (ηβνσρµ + ηβµσρν)DαΨ+ Ψ¯ (ηανσρµ + ηαµσρν)DβΨ]}
+
c2
4m2
{
∂α
[〈uαuµ〉Dν(Ψ¯Ψ) + 〈uαuν〉Dµ(Ψ¯Ψ)− 〈uµuν〉Dα(Ψ¯Ψ)]}
3 Notice that these couplings are not the same as introduced in the effective Lagrangian with external tensor sources in Ref. [36].
4a) b) c) d) e) f ) g)
FIG. 1: Tree and one-loop diagrams contributing to the nucleon matrix element of the EMT. Dashed and solid lines correspond
to pions and nucleons, respectively. The circles with crosses represent the EMT vertices.
+ c3 Ψ¯〈uµuν〉Ψ+ ic4
8
Ψ¯
(
σνβ
[
uµ, u
β
]
+ σαν [u
α, uµ] + σµβ
[
uν , u
β
]
+ σαµ [u
α, uν ]
)
Ψ
+
c6
8m
Ψ¯
(
σνβF
+
µαη
αβ + σµβF
+
ναη
αβ
)
Ψ+
c7
8m
Ψ¯
(
σνβ〈F+µα〉ηαβ + σµβ〈F+να〉ηαβ
)
Ψ
+
c8
4
(ηµν∂
2 − ∂µ∂ν)Ψ¯Ψ + ic9
2m
(ηµαηνβ∂
2 + ηµν∂α∂β − ηµα∂ν∂β − ηνα∂µ∂β)
× (Ψ¯γαDβΨ−DβΨ¯γαΨ+ Ψ¯γβDαΨ−DαΨ¯γβΨ)
− ηµν
[
1
2
Ψ¯ iγαDαΨ− 1
2
DαΨ¯ iγ
αΨ−mΨ¯Ψ + gA
2
Ψ¯γαγ5uαΨ
+ c1〈χ+〉Ψ¯Ψ− c2
8m2
〈uαuβ〉
(
Ψ¯
{
Dα, Dβ
}
Ψ+
{
Dα, Dβ
}
Ψ¯Ψ
)
+
c3
2
〈uαuα〉Ψ¯Ψ + ic4
4
Ψ¯σαβ [uα, uβ ]Ψ
+ c5Ψ¯χˆ+Ψ+
c6
8m
Ψ¯σαβF+αβΨ+
c7
8m
Ψ¯σαβ〈F+αβ〉Ψ
]
, (11)
where
DµΨ = ∂µΨ+
(
Γµ − iv(s)µ
)
Ψ,
DµΨ¯ = ∂µΨ¯− Ψ¯
(
Γµ − iv(s)µ
)
. (12)
The expression of Eq. (11) can be used for calculations in the low-energy region of various matrix elements of the
EMT (and of its various products with scalar, pseudoscalar, vector and axial-vector quark currents) between states
containing one nucleon and an arbitrary number of pions. Below we apply Eq. (11) for calculations of the one-loop
corrections to GFFs of the nucleon up to fourth chiral order, and of the pion graviproduction tree-level amplitude in
the leading and next-to-leading chiral orders. The expression for the EMT of Eq. (11) can be also applied to variety
of low-energy hadronic processes induced by gravity (by EMT) and to calculations of various corrections to GFFs.
III. ONE LOOP CHIRAL CORRECTIONS TO NUCLEON GRAVITATIONAL FORM FACTORS
In this section we calculate the tree and one-loop contributions to the nucleon matrix element of the EMT. The
topologies of the corresponding diagrams are shown in Fig. 1. Standard power counting rules apply to these diagrams
[38, 39], i.e. the pion lines count as of chiral order minus two, the nucleon lines have order minus one, interaction
vertices originating from the effective Lagrangian of order N count also as of chiral order N and the vertices generated
by the EMT have the orders corresponding to the number of quark mass factors and derivatives acting on the pion
fields, derivatives acting on the nucleon fields count as of chiral order zero. The momentum transfer between the
initial and final nucleons also counts as of chiral order one, therefore in those terms of energy-momentum operator
which contain full derivatives, these derivatives (although also acting on nucleon fields) count as of chiral order one.
Integration over loop momenta is counted as of chiral order four.
Since we are interested in the nucleon matrix element of order four in the chiral expansion, we need vertices with
two nucleon lines, generated by the EMT, up to order four. While we have obtained these vertices from the expression
of Eq. (11) for zeroth, first and second chiral orders, for the third and fourth order terms we use a parameterisation as
specified below. Simple power counting arguments show that, because the pion-nucleon-nucleon vertices have at least
chiral order one, for all one-loop diagrams except f) we only need vertices up to order two. Naively it seems that for
diagrams of topology f) we need also pion-nucleon-nucleon vertices of chiral order three, because the nucleon-nucleon
vertex originating from the EMT starts with chiral order zero. However more careful examination reveals that the
leading order contribution of the diagram with the mentioned zeroth order vertex is exactly canceled by the nucleon
wave function renormalization constant multiplied by the tree order diagrams. Therefore the formally zeroth order
vertex in effect starts contributing as a vertex of order one. As a result of this the diagram with the pion-nucleon-
nucleon vertex of order three starts only contributing at chiral order five. For this reason we do not consider such
5diagrams in this work. Notice here that the above described power counting is realized in the results of our manifestly
Lorentz-invariant calculations only after performing an appropriate renormalization.
The one-nucleon matrix element of the EMT is parameterised in terms of three form factors as follows [5]:
〈pf , sf |Tµν |pi, si〉 = u¯(pf , sf )
[
A(t)
PµPν
mN
+ iJ(t)
Pµσνα∆
α + Pνσµα∆
α
2mN
+D(t)
∆µ∆ν − ηµνq2
4mN
]
u(pi, si) , (13)
wheremN is the physical mass of the nucleon, (pi, si) and (pf , sf ) are the momentum and polarization of the incoming
and outgoing nucleons, respectively, and P = (pi + pf)/2, ∆ = pf − pi, t = ∆2.
The tree-order diagrams up to chiral order four give the following contributions to the form factors:
Atree(t) = 1− 2c9
mN
t+ x1M
2
pit+ x2t
2 ,
Jtree(t) =
1
2
− c9
mN
t ,
Dtree(t) = c8mN + y1t+ y2M
2
pi . (14)
where c8 and c9 terms are generated by the EMT of Eq. (11), while x1 and x2 (y1 and y2) parameterize the tree-order
contributions of the fourth (the third) chiral orders. The parameters xi and yi are given as linear combinations of
the coupling constants of the corresponding effective Lagrangians in the presence of the external gravitational field,
derivation of which is beyond the scope of this work.
In calculations of loop diagrams, shown in Fig. 1 we applied dimensional regularization (see, e.g., Ref. [40]) and
used the program FeynCalc [41, 42]. The One-loop expressions of the form factors are too large to be shown explicitly.
Instead we give the corresponding expressions in chiral limit in the appendix.
We perform the renormalization of loop diagrams by applying the EOMS scheme [26, 27] with the renormalization
scale µ = mN . Notice that the divergent pieces of one-loop contributions to A(t), as well as to J(t), with coefficients
of chiral orders zero and two, vanish. On the other hand there is a power counting violating contribution to A(t)
given by 3tg2A/(64π
2F 2) which is absorbed into the renormalization of the coupling constant c9 without affecting the
power counting for J(t) in which c9 also gives a tree-order contribution. The coupling c8 has to cancel the divergent
part and the power counting violating piece of the one-loop contribution to D(t) given by
− g
2
A
16π2F 2
[
m2NB0
(
m2N , 0,m
2
N
)
+A0
(
m2N
)]− 3c8g2A
32π2F 2
(
2m3N − 3mNA0
(
m2N
))
+
3c9g
2
AmN
2π2F 2
A0
(
m2N
)
, (15)
where the loop integrals A0 and B0 are defined in the appendix.
4
Adding the tree-order contribution of Eq. (14) to the one-loop result we obtain the following expression for the
D-term D(0) expanded in powers of the pion mass:
D(0)
mN
= c8 +
g2A
16πF 2
Mpi +
−3g2A/mN + 2 (−4c1 + c2 + 2c3)
8π2F 2
M2pi ln
(
Mpi
mN
)
+
(−g2A (3c8 + 14/mN) + 8c3 − 16c1)
32π2F 2
M2pi +
y2
mN
M2pi +O(M3pi) . (16)
We notice that our result is at variance with calculations of Diehl et al. [28] done to the same chiral order using heavy
baryon approach. More specifically our coefficients of the non-analytical ∼ M2pi ln(Mpi/mN) terms proportional to
LECs c2,3 are different from those of Ref. [28]. For the remaining non-analytical contributions we found agreement
with calculations of Ref. [28] and with other lower order calculations in Refs. [36, 43–45]. Mentioned difference might
lead to the revision of the extrapolation of lattice data of nucleon GFFs to the physical point.
Next we define the slopes of GFFs by writing the form factors as:
A(t) = 1 + sAt+O(t2) ,
J(t) =
1
2
+ sJ t+O(t2) ,
D(t) = D(0) + sDt+O(t2) . (17)
4 Infinite renormalization of c8 implies that, while being a dimensionful coupling constant of an interaction of the gravitational and
nucleon fields, it is only suppressed by hadronic scale(s), because it receives corrections due to pion loops.
6For the chiral expansion of the loop contributions to the slopes we obtain (while the tree-order contributions are
included in Eq. (14) )
sA = − 7g
2
A
128πF 2mN
Mpi +
(
c2mN − 4g2A
)
16π2F 2m2N
M2pi ln
(
Mpi
mN
)
− 3g
2
A (2c9mN + 1)
32π2F 2m2N
M2pi +O(M3pi) ,
sJ = − g
2
A
32π2F 2
ln
(
Mpi
mN
)
+
g2A (4c9mN − 5)
64π2F 2
+
7g2A
128πF 2mN
Mpi +O(M2pi) ,
sD = − g
2
AmN
40πF 2
1
Mpi
−
(
5g2A + 4 (c2 + 5c3)mN
)
80π2F 2
ln
(
Mpi
mN
)
+
g2A (24 + (15c8 + 40c9)mN )
480π2F 2
+
(4c1 − c2 − 7c3)mN
40π2F 2
+O(Mpi) . (18)
Again the non-analytic terms ∼ c2,3M2pi ln(Mpi/mN) in our calculation differ from those of Ref. [28]. For other non-
analytical contributions we find agreement with calculations of Ref. [28] and with other lower order calculations in
Refs. [36, 43–45].
A. Large distance asymptotics of the energy, spin, pressure and shear force distributions
The GFFs of the nucleon A(t), J(t) and D(t) can be related to the energy and spin densities as [4, 5]:
ρE(r) = mN
∫
d3∆
(2π)3
e−ir∆
[
A(−∆2) + ∆
2
4m2N
[
A(−∆2)− 2J(−∆2) +D(−∆2)]] , (19)
ρJ (r) =
∫
d3∆
(2π)3
e−ir∆
[
J(−∆2) + 2
3
∆
2 dJ(−∆2)
d∆2
]
. (20)
The vector field of the spin distribution in the polarised nucleon has the form J i(r, s) = 32
(
δik − rirk
r2
)
skρJ(r) [46, 47].
The distribution of the pressure p(r) and shear force s(r) are obtained through [4, 5]:
s(r) = − 1
4mN
r
d
dr
1
r
d
dr
D˜(r), p(r) =
1
6mN
1
r2
d
dr
r2
d
dr
D˜(r), D˜(r) =
∫
d3∆
(2π)3
e−i∆r D(−∆2). (21)
The large distance power-like behavior of the distributions in the parametrically wide region 1/Λstrong ≪ r ≪ 1/Mpi
is governed by the singularities of GFFs at t = 0, i.e. by the non-analytical terms of the GFFs in the chiral limit.
From our loop calculations we can easily obtain the following small t behavior of the GFFs in the chiral limit to the
accuracy of our calculations:
A(t) = 1− 2c9
mN
t+
3g2A
512F 2mN
(−t) 32 −
(
c2mN − 10g2A
)
320π2F 2m2N
t2 ln
( −t
m2N
)
−
(
25g2A (12c9mN − 7)− 62c2mN
)
9600π2F 2m2N
t2 +O(t
5
2 ) ,
J(t) =
1
2
− c9
mN
t− g
2
A
64π2F 2
t ln
( −t
m2N
)
+
g2A (12c9mN − 7)
192π2F 2
t− 3g
2
A
512F 2mN
(−t) 32 +O(t2) ,
D(t) = mNc8 +
3g2AmN
128F 2
√−t−
(
5g2A + 4 (c2 + 5c3)mN
)
160π2F 2
t ln
( −t
m2N
)
+
(
5g2A (40c9mN + 15c8mN + 28) + 94c2mN + 200c3mN
)
2400π2F 2
t+O(t
3
2 ) . (22)
Performing 3D Fourier transformation of these expressions we obtain the large distance behavior of the spatial distri-
butions in the parametrically wide region 1/Λstrong ≪ r ≪ 1/Mpi:
ρE(r) =
9g2A
64π2F 2
1
r6
−3
(
10g2A/mN + (c2 + 10c3)
)
16π3F 2
1
r7
+O
(
1
r8
)
, (23)
ρJ (r) =
5g2A
64π3F 2
1
r5
− 9g
2
A
64π2F 2mN
1
r6
+O
(
1
r7
)
, (24)
D˜(r) = − 3g
2
AmN
128π2F 2
1
r4
+
3
(
5g2A + 4 (c2 + 5c3)mN
)
160π3F 2
1
r5
+O
(
1
r6
)
. (25)
7FIG. 2: Tree-order diagrams contributing to the pion graviproduction. Dashed and solid lines correspond to pions and nucleons,
respectively. The circles with crosses represent the EMT vertices.
Using Eq. (25) in Eq. (21) we obtain the large distance behavior of the pressure and shear force distributions:
p(r) = − 3g
2
A
64π2F 2
1
r6
+
(
5g2A/mN + 4 (c2 + 5c3)
)
16π3F 2
1
r7
+O
(
1
r8
)
,
s(r) =
9g2A
64π2F 2
1
r6
−21
(
5g2A/mN + 4 (c2 + 5c3)
)
128π3F 2
1
r7
+O
(
1
r8
)
. (26)
The leading terms (∼ 1/r6) in Eq. (26) have been obtained for the first time in Ref. [48] in the framework of the
soliton picture of the nucleon. The obtained large distance asymptotics can be useful for the derivation of various
inequalities for the bound states of various quarkonia with the nucleon in the hadro-quarkonium picture of the exotic
pentaquarks with hidden heavy quarks content, see, e.g., Ref. [35]. Also it can be useful for the analysis of lattice data
on GFFs of the nucleon and for deriving general constraints on the GFFs. To illustrate the latter point we note that
the large distance behavior of the energy density, given by Eq. (23), and of pressure and the shear force distributions,
specified in Eq. (26), satisfy the general stability conditions - ρE(r) > 0 and
2
3s(r)+p(r) > 0, see discussion in Ref. [5].
Furthermore with help of expression for J(t) in Eq. (22) we can obtain large impact-parameter behavior of the
distributions of Belinfante-improved total angular momentum. The latter is defined as [46]:
〈JBel〉(b⊥) = −1
2
b⊥
∂
∂b⊥
∫
d2∆⊥
(2π)2
e−ib⊥∆⊥ J(−∆⊥2) . (27)
Performing the 2D Fourier transformation we obtain the large b⊥ asymptotics of 〈JBel〉(b⊥) as:
〈JBel〉(b⊥) = g
2
A
16π3F 2
1
b4⊥
− 135g
2
A
2048πF 2mN
1
b5⊥
+O
(
1
b6⊥
)
. (28)
This model-independent asymptotics is valid in the parametrically wide region 1/Λstrong ≪ b⊥ ≪ 1/Mpi and can be
used for derivation of model-independent constraints for total angular momentum distribution in the nucleon.
IV. PION GRAVIPRODUCTION
The effective action of Eq. (2) obtained from the effective Lagrangian is universal and, hence, can be applied to a
wide range of low-energy processes induced by gravity. As an example of an application of the action of Eq. (2) we
consider in this section the tree-order amplitude of the one-pion production in a gravitational field close to threshold,
where the chiral expansion of this quantity makes sense. The pion graviproduction is relevant not only for hadronic
reactions in strong gravitational fields, but it can also be measured in hard exclusive processes [18–21].
The full tree-order amplitude of the one pion productionMa,µν = 〈πa(k)N(pf )|T µν(0)|N(pi)〉 of leading and next-
to-leading chiral orders is given in Eq. (C1) of the appendix - the corresponding diagrams are shown in Fig. 2. Here we
give the expression for the amplitude at threshold which can be parameterised in terms of GFFs for the 1/2+ → 1/2−
transition. The corresponding form factors were introduced first in Ref. [2] for the case of equal masses of the final
and initial states, for different masses they were considered in Ref. [49]. Following the latter reference we obtain the
threshold amplitude of the pion graviproduction in the following form:
−i Ma,µνtree = F1(∆2) u¯(pf )
τa
2
{
∆2PµP ν − (m2∗ −m2N )∆{µP ν} +
(m2∗ −m2N )2
4
gµν
}
γ5u(pi)
+ F2(∆
2) u¯(pf )
τa
2
{
∆2γ{µP ν} − (m∗ +mN )∆{µP ν} − (m
2
∗ −m2N)
2
(
γ{µ∆ν} − (m∗ +mN )gµν
)}
γ5u(pi)
+ F3(∆
2)
{
∆µ∆ν − gµν∆2} u¯(pf )τa
2
γ5u(pi) , (29)
where ∆ = pf+k−pi, P = pi+∆2 ,m∗ = mN+Mpi, and the symmetrization is defined asX{µY ν} = (XµY ν+XνY µ)/2.
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F1(∆
2) =
8 c9gAmN
Fm∗ (mN (m∗ +mN )−∆2) +
4gAmN (mN −Mpi)
F (mN (m∗ +mN )−∆2) (M2pi (m∗ +mN )−∆2mN )
,
F2(∆
2) =
2gAmN
F (m∗ +mN) (mN (m∗ +mN )−∆2) −
2 c9gA
(
MpimN (m∗ +mN )
2 +∆2
(
2m2N −M2pi
))
Fm∗mN (m∗ +mN ) (mN (m∗ +mN )−∆2) ,
F3(∆
2) = −c9MpigA
(−M2pimN + 4m3N +Mpi∆2)
Fm∗mN (mN (m∗ +mN )−∆2) −
c8m∗gA
(
2mN (m∗ +mN )−∆2
)
2F (m∗ +mN ) (mN (m∗ +mN )−∆2)
+
MpigAmN
(−4m2N +M2pi +∆2)
F (mN (m∗ +mN)−∆2) (M2pi (m∗ +mN)−∆2mN)
. (30)
In the momentum transfer range ∆2 ∼ M2pi ∼ ε2 → 0 the above form factors scale as F1(∆2) ∼ 1/ε2, F2(∆2) ∼ ε0,
and F3(∆
2) ∼ 1/ε.
Our amplitude of the pion graviproduction (see the above equation and Eq. (C1) in the appendix) depends on the
new LECs c8 and c9. Therefore the measurements of the pion graviproduction process can be used as an additional
source of information on these LECs, and also for studying the applicability of the chiral effective field theory to
reactions induced by gravitational interactions. The pion graviproduction can be accessed in hard exclusive processes
like the non-diagonal DVCS (γ∗ + N → γ + (πN)) [18–21]. The corresponding measurements are planned by the
CLAS12 collaboration at JLab (USA) [50].
V. SUMMARY
In the current work we presented the effective chiral Lagrangian of pions and nucleons up to the second chiral order
in the presence of external gravitational field. We derived the corresponding energy-momentum tensor of pions and
nucleons (with external scalar, pseudoscalar, vector and axial-vector quark currents included) in flat space-time. Next
we calculated the one-loop contributions to the one-nucleon matrix element of the energy-momentum tensor at fourth
chiral order and extracted the corresponding contributions to gravitational form factors of the nucleon. To renormalize
the loop diagrams we applied the EOMS renormalization scheme of Refs. [26, 27]. For the tree contributions of the first
and the second order we obtained the Feynman rules from the corresponding expressions of the energy-momentum
tensor while for the third and fourth orders we used parametrizations in most general form. While the coefficients of
these parametrizations can be expressed as linear combinations of the coupling constants of the effective Lagrangians
of the corresponding chiral orders in the presence of an external gravitational field, derivation of these Lagrangians
and the corresponding energy-momentum tensors is beyond the scope of this work. As the obtained expressions for
the gravitational form factors of the nucleon, defined by the matrix element of the energy-momentum tensor, are too
large to be given explicitly, in the appendix we quote them in the chiral limit. We calculated the chiral expansion of
the D(0) and slope parameters for all GFFs to the fourth order of the chiral expansion. Our results for non-analytical
contributions of the type ∼ c2,3M2pi ln(Mpi/mN ) differ from those of the previous fourth order calculations of Ref. [28].
For the remaining non-analytical contributions we found agreement with the calculations of Ref. [28] and with other
lower order calculations in Refs. [36, 43–45]. The difference of our results with those in Ref. [28] was discussed with the
authors of Ref. [28] and they agreed with our calculations. It is very important to check how strong the new results
affect the chiral extrapolation of the lattice data on nucleon GFFs obtained in the past. However this is beyond the
scope of the current work.
Furthermore we calculated the leading- and next-to-leading order tree contributions to the amplitude of the pion
graviproduction. The process of the pion graviproduction provides an additional independent (to gravitational form
factors) source of information on the new LECs c8,9. It also offers a test of applicability of chiral perturbation theory
to gravity-induced low-energy processes. Possibility of measurements of the pion graviproduction in hard exclusive
processes has been discussed in Refs. [18–21]. Such kind of experiments are planned by the CLAS12 collaboration at
JLab (USA) [50]. The effective action of Eq. (2) obtained here provides a systematic tool of analyzing the data on
these processes.
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Appendix A: Definition of loop integrals
The one-loop integrals appearing in expressions of our quoted results are defined as follows:
A0(m
2) =
(2π)4−n
iπ2
∫
dnk
k2 −m2 + iǫ ,
B0(p
2,m21,m
2
2) =
(2π)4−n
iπ2
∫
dnk
[k2 −m21 + iǫ][(p+ k)2 −m22 + iǫ]
,
C0(p
2
1, p
2
2, p
2
12,m
2
1,m
2
2,m
2
3) =
(2π)4−n
iπ2
∫
dnk
[k2 −m21 + iǫ][(p1 + k)2 −m22 + iǫ][(p1 + p2 + k)2 −m23 + iǫ]
, (A1)
with p12 = p1+p2. For the reduction of tensor loop integrals to scalar ones we apply the formulae specified in Ref. [51]
while for the expansion in terms of kinematical invariants we use Ref. [52].
Appendix B: One-loop expressions for form factors in chiral limit
Renormalized expressions of form factors in chiral limit for µ = mN :
A(t) = 1− 2c9t
mN
+
tg2A
64π2F 2 (4m2N − t) 3
[
−48tm4N
(
m2N + t
)
C0
(
m2N ,m
2
N , t, 0,m
2
N , 0
)
−2m2N
(
t− 4m2N
)
2B0
(
t,m2N ,m
2
N
)− 4tm2NB0(t, 0, 0) (26m2N + t)− 42t2m2N + 248tm4N − 32m6N + 3t3]
+
c9t
2g2AmN
(
B0
(
t,m2N ,m
2
N
)− 1)
16π2F 2 (4m2N − t)
+
c2t
2 (15B0(t, 0, 0) + 16)
4800π2F 2mN
,
J(t) =
1
2
− c9t
mN
+
g2A
128π2F 2 (t− 4m2N) 2
[
24t2m4NC0
(
m2N ,m
2
N , t, 0,m
2
N , 0
)
+ 4tm2NB0(t, 0, 0)
(
8m2N + t
)
+2
(
tmN − 4m3N
)
2B0
(
t,m2N ,m
2
N
)
+ 30t2m2N − 128tm4N + 32m6N − 3t3
]
− c9tg
2
AmN
(
B0
(
t,m2N ,m
2
N
)− 1)
32π2F 2
,
D(t) = mNc8 +
g2Am
2
N
48π2F 2t (t− 4m2N) 2
[
6m2N
(
3t2
(
2m2N − t
)
C0
(
m2N ,m
2
N , t, 0,m
2
N , 0
)− 2 (t− 4m2N) 2B0 (t,m2N ,m2N))
+6t2B0(t, 0, 0)
(
m2N − t
)− 22t2m2N + 128tm4N − 192m6N + 5t3]+ 3c8g2Am3N (B0 (t,m2N ,m2N)+ 1)16π2F 2
+
c9g
2
Am
3
N
(
B0
(
t,m2N ,m
2
N
)
+ 1
)
2π2F 2
+
c2t
(
15B0(t, 0, 0)
(
8m2N + 3t
)
+ 68m2N − 42t
)
4800π2F 2mN
+
c3tmN (3B0(t, 0, 0)− 1)
24π2F 2
. (B1)
Appendix C: Tree-order amplitude of the one-pion production
Tree-order amplitude of the pion production Ma,µν = 〈πa(k)N(pf )|T µν(0)|N(pi)〉 has the following form:
−i Ma,µνtree = u¯(pf , sf)
τa
2
{
gA
2F (m2N − s)
(
c8mN
(
q2gµν − qµqν) 6kγ5 + (mN − 2c9q2) ((2 pνi + qν) 6kγµγ5
+ (2 pµi + q
µ) 6kγνγ5))+ gA
2F (m2N − u)
(
c8mN
(
q2gµν − qµqν) 6kγ5 + (2c9q2 −mN) ((2pνf − qν) γµ 6kγ5
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+
(
2pµf − qµ
)
γν 6kγ5
))
+
gAmN
F (M2pi − t)
γ5
(
q2gµν + 4kµkν − 2qνkµ − 2qµkν)
− c9gA
2FmN
(
2
(
q2 − t) gµν 6kγ5 − 2 (qνkµ + qµkν) (6kγ5 − 2γ5mN)+ γµγ5 (2q2kν + qν (t− q2))
+ γνγ5
(
2q2kµ + qµ
(
t− q2)))+ c9M2pigA
2FmN
(−2gµν 6kγ5 + γµγ5qν + γνγ5qµ)
+
c8gA
2F
γ5
(
q2gµν − qµqν)+ gAmN
F
γ5gµν
}
u(pi, si) , (C1)
where q = pf + k− pi and the Mandelstam variables s, t, u are defined as: s = (pf + k)2, t = (pf − pi)2, u = (k− pi)2.
One can easily check that the obtained amplitude is explicitly transverse, i.e. qµMa,µν = qνMa,µν = 0 as it follows
from conservation of EMT.
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